Heisenberg & Pauli (1929) have shown how to quantize field theories derived from Lagrangians containing first-order derivatives of the field quantities. They showed their quantization to be Lorentz invariant. Fuchs (1939) subsequently showed that the quantized theory was in fact invariant under general transformations of co-ordinates. The present author in another paper has shown how the theory of Heisenberg & Pauli can be extended to field equations derived from higher order Lagrangians, i.e. Lagrangians containing higher deri vatives than the first of the field quantities. In the present paper the general relativistic invariance of .the higher order quantized theories is established, making use of the generalized Poisson brackets introduced by Weiss. by the generalized Green's theorem, where is the unit outward normal to S and dS the invariant surface element on S. If, in addition to the z" satisfying the equations
T h e c a s e o f f i r s t -o r d e r L a g r a n g ia n s
(a) Classical theory " dL l dL Let the field equations be O = , which are the Euler equations derived from a first-order Lagrangian. The Lagrangian L is assumed to be a function of the field quantities za and of their first covariant derivatives and of the metric tensor gjlv. Furthermore, it is assumed that L is an invariant under general transformations of co-ordinates. The z " may be tensor fields of any kind, their transformation character being indicated by the single superscript a. In addition, throughout the present work all differentiations will be covariant differentiations. Thus z*a means the covariant derivative of z a with respect to x < T , while (dL/dza t(X )y(T means the covariant divergence of dL/dz*a. Where ordinary derivatives do appear they will be indicated by the usual notation. Thus the ordinary derivative of A ff with respect to x< T will be written as If L i clear that dL/dza transforms contragrediently to za, while dL/dza >0. transforms like a contravariant vector with respect to the or and contragrediently to z* with respect to the a.
Our purpose in the present subsection is (i) to put the equations (1*1) into Hamil tonian form, (ii) to establish the invariance of the generalized Poisson bracket. We deal with (ii) first. Let Db e a domain in the four-dimensional space-ti two space-like surfaces S1 and S2 and by a cylindrical time-like surface S3. The whole bounding surface of D we denote by S. Defining the functional 7[za] of the set of functions za by .
(1*1), the variations of the za are made to conform to the boundary condition, za fixed on S3, i.e. 8za = 0 on Sz, t hen
" -(!•«)
where iV^l) and Nff(2) are the unit normals to the space-like ends of now taken in the same sense for both the surfaces. Let us now introduce a parametrization of the surfaces S1 and S2, the parameters specifying points on these su and u3. With this parametrization the invariant surface element dS is given by
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where the e is the usual alternating e symbol. For a given parametrization of a given surface the coefficient of du1 du2du3 in (1-6) is an invariant under changes of co ordinates. Hence for Sx and S2 we have
where the Fx and F2 depend only on the parametrization and not on the system. Equation ( We have introduced capitals for variables on to distinguish them from variables on S2 and we have replaced z* by qa since (pa, qa) turn out to be conjugate variables in the Hamiltonian equations of motion and the latter notation is more usual for con jugate variables. Note that th e p a have the transformation character under changes of co-ordinates indicated by the subscript a. Now, if the equations (1*1) are hyperbolic in character and have a unique solution throughout D, given p a(u) and qx(u) on S2 and qa on the time-like boundary of D, then the Pa(u) and Qa(u) on Sx will be functionals of the p a an Weiss (1938, p. 114), if o)x, oj2 are two functionals of the p a and qx on S2 generalized Poisson bracket [<t>l5 w2] by
where SwJSp^u), etc., are functional derivatives. Then from the work of Weiss it follows that, as a consequence of (1*8), the following results hold: Poisson brackets, and it is from these results that the relativistic invariance of the quantized theory follows.
To complete the classical formulation of the theory we want, we have to show how the equations (1*1) can be put into Hamiltonian form. Suppose we are given a family of space-like surfaces/(a^-) = constant. Let uz be a parametrization of the surfaces. Then it is possible to choose a co-ordinate system such that 1 = u1, x2 -u2, xz = uz and such that the surfaces become x* = constant. Such a co-ordina system is called a natural co-ordinate system. In such a natural co-ordinate system the equations (1*1) can be put into Hamiltonian form with the p a and qa associated with the surfaces as conjugate variables. This is done as follows: the well-known canonical energy momentum tensor of the field < rT is given by U \ = U %~z ,r (M 2) and satisfies U< T r>a.
-0 in virtue of ( l 'l), as is well known and easily define a vector field hT associated with the family of surfaces by hr = UcrTN(T , where Ng. is the unit normal to the surface of the family passing through the point con sidered. We define H in terms of this hT by
where \ is the four component of hT in a natural co-ordina
noting that in a natural co-ordinate system Na = 8^!g" and dS = dul du2duz. (b) Quantization As is well known the equations (1*1) can be quantized by regarding the conjugate variables p a and qx as operators and introducing commutatio them. The p a are associated with the family of surfaces a;4 = constant, and the usual commutation relations which are introduced are between and qa at points belonging to the same member of the family of surfaces. What is more, the commuta tion relations are taken to be independent of the particular member of the family, i.e. independent of x* in the natural co-ordinate system. There are two forms of commutation relations used for quantizing the £heory. In the first, the socalled Einstein-Bose quantization, the commutation relations are the following:
is a polynomial in the variables qa, q^ and p a, it is well known that as a con sequence of (1-17) *tj fr rr p . JET -f f p . -a^-i i S p^, = (MS so that the Heisenberg equations of motion for the operators agree with the classical. In the second form of the quantization, the Fermi-Dirac, the commutation relations are P M P fi(u ')+ pfip')pa(u) = 0, , P*{u)qfi{u') + qfi(u')pa(v) = ih8%8(u-u').
The equations (1* 18) also follow from (1*19) if -Jf is of rather a special form which will be of importance later on and will be given in more detail there.
We now come to the question of the consistency and relativistic invariance of the quantization. The problem of the consistency is the following: (1*17) and (1*19) assume the commutation relations to be the same for all #4, but, given the commuta tion relations (1*17) or (1*19) for one value of a;4, the commutation relations for subsequent xx are determined by the field equations. For consistency they turn out to be the same as was assumed. To be relativistically invariant the com mutation relations have to be (i) formally invariant under changes of co-ordinates, (ii) relativistically invariant in form, (i) means that the two sides of the commuta tion relations (1*17) or (1*19) must have the same transformation character; this is clearly the case, bearing in mind the, fact that p a transforms contragrediently to za.
(ii) means the following: given two space-like surfaces Sx and $2, then associated with each surface is a set of pairs of conjugate variables, Pa and Qa with S1 say, p a and qx with S2 say; now, given commutation relations (1*17) or (1*19) between th ep a andg®, the commutation relations between the Pa and Qa are then determined by the equations of motion (1-1); for the commutation relations to be invariant in form we require that the derived commutation relations for the Pa and Qa should be the same as those assumed for the p a and qx. It is clear that the consistence and invariance of form follow in the same way, for, if we can prove that, as a consequence of (1-17) or (1*19) and the field equations ( l 'l), the same commutation relations hold between the Pa and Qa, this gives the consistence when Sx and S2 are two members of the same family of surfaces and gives the invariance of form when Sx is chosen generally. (1-28) noting that 8QP(u")l8pp(u) = 8Pa(u')j8qP{u) = 0. Using (I'l l ) and (1'28) we get
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Pa(u')Qfi(u") + Q^P^u ' ) = m £ 8 (u -u '). (1-29
Thus, when is of the special form which makes Fermi-Dirac quantization possible, it follows that if the p a and qa satisfy the commutation relations (1-19) so do the Pa and Qa. That proves the consistence and invariance of form of the Fermi-Dirac quantization.
. H i g h e r o r d e r L a g r a n g i a n s (a) Classical theory
The canonical theory for field equations derived from higher order Lagrangians was dealt with by the author in I. The relativistic invariance of the quantized theory was established there (for Lorentz transformations). Here we will prove the general invariance of the quantized theory, and, as before, the work is generalized by re placing ordinary derivatives by covariant derivatives. A new difficulty arises here which did not occur in the first-order Lagrangian theory of § 1. Owing to the occur rence of repeated covariant derivatives in the higher order case and the fact that in general the order of covariant differentiation is important, i.e. + if is not clear that the field equations can be put into Hamiltonian form. If, however, the space-time is flat, i.e. admits a Cartesian co-ordinate system, then the order of covariant differentiation is no longer important, and the generalization of the theory of I is quite straightforward. In the present section, therefore, we assume that the space-time is fiat. The Lagrangian L is now an invariant function of the field quanti ties za and their covariant derivatives up to order n and of the metric tensor, while the field equations, being the Euler equations of this Lagrangian, are The results (2-23) express the invariance of the Poisson bracket as before and will lead to the invariance of the quantized theory.
Let us consider briefly how the equations (2*1) can be put into Hamiltonian form. Given a family of parallel space-like surfaces f(xa) = constant, we have associated with these surfaces a set of canonical variables p a(ra), q*{m), (m -1, In a suitable co-ordinate system the equations (2*1) can be expressed in Hamiltonian form with these canonical variables. The appropriate co-ordinate system, which we will again call a natural co-ordinate system, as in § 1, but which is rather more re stricted than the natural co-ordinate system used there, is one such that ( 2-18) , is a linear combination of the p 's and of their space derivatives and of the u4's of (2*5). Now, as is easily seen from the definition of t h e n 's and of anypartial derivative o f^ with respect to a qo r a space de A -some linear combination of p 's, when has the special form. Thus PJm) is a linear combination of p 's and therefore a linear functional of the initial p 's only, which is the first result of (1*24). Thus the Fermi-Dirac quantization, too, is consistent and relativistically invariant. We have thus established the general invariance of the quantization of field theories derived from higher order Lagrangians.
